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In this paper, a dislocation-based plasticity model is formulated in the framework of continuum mechanics and

nonequilibrium thermodynamics for solids under high strain rates. Specifically, the formation of a dislocation

network behind the shock front, associated plastic flow, resulting heating due to plastic work, and evolution of the

morphology of the polycrystalline structure are modeled. The associated changes of dynamic strength or yield stress

with the increasing shock strength due to nucleation of dislocations at the shock front are modeled. The

microstructural characteristics of the dislocation network are modeled by selected internal state variables. The

irreversible nonequilibrium processes at high strain rates are modeled by selected nonequilibrium state variables

and their evolution equations. The results clearly show the increased localized heating due to increased dynamic

strength and the associated plastic flow.

Nomenclature

B���drag = viscous drag coefficient

b��� = magnitude of Burgers’s’s vector

b���i = Burgers’s vector for slip system (�), b���s���i
EL = average dislocation line energy
G = average shear modulus of the lattice
e = specific internal energy
f = specific Helmholtz’s free energy
Gijkl = shear modulus
Jsi = entropy flux
J���ij = dislocation flux tensor

K��� = total source for changing of the dislocation
density

K���J = rate of changing of the dislocation density by
the dislocation reaction

K���m = rate of dislocation multiplication

K���n = rate of dislocation nucleation at the shock front

kij = heat conduction coefficients

k���d = resistance of dislocation motion for slip system
(�)

m���i = unit vector of gliding direction of slip system
(�)

n���i = unit vector normal to the slip plane of slip
system (�)

qi = heat flux
s = specific entropy
s���i = unit vector of Burgers’s vector for slip system

(�)
tq = relaxation time for heat propagation
t� = viscous relaxation time

t���d = relaxation time for the dislocation motion of
slip system (�)

Vij = rate of deformation

Veij = rate of elastic deformation

Vplastic
ij

= rate of plastic deformation

vi = velocity

v��� = dislocation motion of slip system (�)

Z���ij = orientation tensor of slip system (�), Z���ij �
s���i n

���
j

�d = nondimensional thermal softening coefficient
�i = rate of change of the characteristic angle
�L = average distance between the two closest

dislocation segments
�ijkl = viscous modulus
�s = rate of entropy production
� = absolute temperature
� = density
�d = total dislocation density

����d = dislocation density of slip system (�)
�ij = stress tensor
�eij = equilibrium stress tensor

�neij = nonequilibrium stress tensor

�d0 = reference dislocation density

�d-HP = threshold value of dislocation density for
hardening

&��� = nondimensional effective coefficient
�c� = reference stress for softening
�c� = reference stress for hardening
�cr0 = yielding stress at �d � �d0
����drag = electron and phonon drag in slip system (�)

����eff
= local resolved shear stress acting on dislocation

segments in slip system (�)
����ext = external (or long-range) shear stress resolved

on slip system (�)
����fri = intrinsic lattice resistance in slip system (�)

����int
= internal shear stress due to morphological

configuration of dislocation segments in slip
system (�)

����D = fraction of the average stored interface energy
that contributes to the formation of dislocation
segments of slip system (�)

����L = average fraction of plastic work done on the
formation of dislocation segments of slip
system (�)

�ij = spin tensor
�

plastic
ij = plastic spin tensor

!i = spin vector
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Subscripts

i, j, k, l, m, n = vector or tensor indices and Einstein’s
summation convention

I. Introduction

N OSE erosion and heat-affected zones (HAZ) at the tip of
projectiles are observed during impact and penetration of

metallic kinetic projectiles into hard targets [1,2]. This may lead to
undesirable degradation of the performance of the projectiles. In the
past, issues of thermomechanical dissipations have been addressed in
different frameworks of thermodynamics. The very early work of
Zener [3] considered thermoelastic dissipation. The associated
phenomenon is described as the Thomsom effect. When a solid is
stressed adiabatically, themechanical and thermal fields are coupled.
Irreversible heat conduction occurs and entropy is produced when
mechanical energy is converted into heat. Boley and Weiner [4]
pointed out the significant contribution of thermoelastic dissipation
to the damping of vibrations. Many authors have extended Zener’s
[3] analysis. Examples include the work of Bishop and Kinra [5] and
Bishop et al. [6]. In these works, thermoelastic dissipation is
formulated in the framework of classical irreversible thermody-
namics (CIT). Thermoviscoplastic dissipation consists of three
different kinds of dissipation mechanisms: thermoelastic, viscous,
and plastic dissipations. Unlike the thermoelastic dissipation,
viscous and plastic dissipations are inelastic processes, which
correspond to irreversible mechanical deformations. Several models
for thermoviscoplastic processes have been developed in the
framework of rational thermodynamics by using the internal variable
theory [7–12]. In the study by Rosakis et al. [8], the fraction of the
rate of plasticwork converted into heating and coldwork is examined
at low and medium strain rates (10�3 s�1 to 1 s�1 and 103 s�1 to
104 s�1).

This paper, however, is addressed to the problem of heating of the
tip of a projectile that impacts and penetrates a hard target. In
particular, the model considers the effect of shock waves, high strain
rates, the formation of dislocations behind the shock front [13], a
pileup of these dislocations [14], the increase in the dynamic
strength, the interaction between dislocations, a release of these
dislocations, and the following increase of temperature. The
plasticity model in this paper is based on dislocation dynamics and
then formulated to the evolution of a dislocation network behind the
shock front, the associated bulk plastic flow, resulting heating and
softening due to plastic work, evolution of morphology of the
polycrystalline structure, and the associated increased dynamic
strength behind a shock wave. In comparison with the previous
works, the model combines the use of equilibrium thermodynamic
state variables, internal state variables, and extended nonequilibrium
state variables [15,16]. In other words, we proposed a hybrid
framework of extended irreversible thermodynamics and internal
variable theory to formulate thermoviscoplastic dissipation at high
strain rates. A brief introduction to various frameworks of
irreversible thermodynamics and a discussion on the necessity of
introducing a hybrid framework are first given in the following
sections.

A. Framework of Irreversible Thermodynamics

The first framework of irreversible thermodynamics is CIT, which
naturally adapted the concept of state from a global description of a
continuum in thermostatics to a local description of material point in
the continuum. In addition to the classical set of state variables,
Onsager et al., in the 1930s, introduced thermodynamic fluxes to
describe irreversible processes. At any instant, thermodynamic
fluxes instantaneously respond to the generalized forces by a linear
relation that holds the Onsager–Casimir reciprocal principle. These
thermodynamic fluxes are not considered as additional state
variables and therefore do not appear in state functions such as
internal energy, free energy, etc., as defined in thermostatics.

In the 1960s, another framework, rational thermodynamics (RT),
was introduced by Truesdell et al. In RT, materials are assumed to

have memory. This means that at any given instant, dependent
variables cannot be determined by only instantaneous values of
independent variables, but by their entire histories. In RT,
complementary variables (such as internal energy, heat flux, stress
tensor and entropy) are related to the entire history of independent
variables (such as deformation and temperature) by functional
relationships. To reduce the RT representation and avoid the use of
functional equations, Bridgeman first proposed an introduction of “a
large-scale thermodynamic parameter of state.” These state
parameters, which extend the state space of CIT and RT, are called
the internal (state) variables. Physically, internal variables represent
some microscopic material structural characteristics or their
ensemble characteristics. For example, for materials of structural
damages such as microcracks, damage content tensor can be
introduced as internal variables to supplement the description of a
local equilibrium state in addition to the deformation and
temperature. Internal variables are independent variables and obey
a special rate equation [7]. These internal variables are “hidden” in
the sense that their rate equations are local (i.e., spatially
independent) and can be directly integrated. In the internal variable
theory (IVT), the dissipation (or internal power) induced by an
internal variable is equal to the product of its rate of change and the
corresponding conjugated force. The introduction of internal
variables can be beneficial when selected material structural
characteristics and their associated dissipations affect the local
properties significantly. However, other than the rate of change of an
internal variable, irreversible processes associated with the
evolutions of relevant material structural characteristics have to be
considered. For example, irreversible processes such as the motions
ofmicrocracks and evolution of amicrocrack network, other than the
rate of change of damage content tensor, are also crucial. Tomeasure
these irreversible processes, thermodynamic fluxes as in CIT are
needed.

CIT and IVT have gone beyond equilibrium thermodynamics.
However, they are limited to the validation of the fundamental
hypothesis, which assumes that there exists or accompanies a local
equilibrium state. The applicability of the assumption of local
equilibrium state relies on the validation of Boltzmann’s distribution.
This restricts CIT and IVT only to the applicable cases that are only
slightly fluctuated to Boltzmann’s distribution and therefore not far
away from thermodynamic equilibrium. The sufficient condition for
the validity of the local equilibrium assumption is that all of the
associated thermodynamic processes relax fast enough in
comparison with some characteristic times of interest. For processes
that have relaxation times much larger than dynamic characteristic
times of interest, they are away from thermodynamic equilibrium.
However, they can be considered “locked” in a nearly equilibrium
state at every instant. For processes that have relaxation times much
smaller than dynamic characteristic times of interest, they can be
considered as instantaneous responses, as in CIT. In these two
situations, the assumption of a local equilibrium state is valid.
However, in many cases, the characteristic relaxation times of the
involved irreversible dissipation processes, either chemical,
mechanical, thermal, or electrical, can be at the same order of
dynamic characteristic times of interest. Therefore, at any instant
during these processes, every point in the continuum is at a state that
is far away from thermodynamic equilibrium. The assumption of a
local equilibrium state is no longer applicable.

Extended irreversible thermodynamics (EIT) relaxes the
restriction of the assumption of a local equilibrium state by
introducing a primitive concept of a local nonequilibrium state.
Therefore, a local nonequilibrium state, which allows for a
description of a state far away from thermodynamic equilibrium, is
assigned to every material point in a continuum at any instant
[15,16]. EIT constructs a nonequilibrium state space in the following
way. In addition to the classical set of equilibrium state variables, an
extended set of nonequilibrium state variables is introduced to
complement the description of a local nonequilibrium state. These
extended nonequilibrium state variables are also called thermody-
namic fluxes, which are fast and nonconserved variables. Every
irreversible dissipative process, either macroscopic (related to
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classical state variable) or microscopic (related to internal state
variable), possesses an associated thermodynamic flux, which can be
used to describe some types of interaction of a material point with its
neighborhood. Eachflux is activated by the spatial gradients of either
a classical state variable or an internal state variable and therefore is
spatially correlated. In contrast to the internal state variables, these
thermodynamic fluxes are independent nonlocal state variables. In
contrast to thermodynamic fluxes in CIT, these thermodynamic
fluxes have relaxation characteristics and therefore directly
contribute to state functions. These nonequilibrium contributions
can be significantwhen relaxation times of thermodynamicfluxes are
not negligible. In EIT, nonequilibrium state functions such as
entropy, free energy, and internal energy are functions of the entire
set of state variables, including both equilibrium and nonequilibrium
variables. Furthermore, entropy flux depends on all thermodynamic
fluxes, not just on heat flux as in the framework of CIT, RT, or IVT.
From the second law of EIT, the rate of entropy production is strictly
non-negative to ensure the evolution direction of irreversible
processes. This also imposes restrictions on the constitutive relations
and evolution equations of thermodynamic fluxes.

B. Dislocation-Based Plasticity Model in a Hybrid Framework

Modeling of the complicated material behaviors needs to
incorporate underlying multiscale material structural characteristics.
A polycrystalline solid such as a metallic projectile can possess
structural characteristics at various scales: crystal lattice at the atomic
scale, morphology of grains and phases at the mesoscale level, and
defects at various scales. For impact and penetration problems,
among various material structural characteristics, the most
significant contribution to thermoviscoplastic dissipation is by a
dislocation network. Therefore, a dislocation-based plasticity model
is very beneficial to represent the evolution of a dislocation network
and the consequent organization or patterning of dislocation and to
interpret the consequent heating, hardening, and localization. To
depict a dislocation network, internal state variables are natural
choices for this purpose.

On the other hand, for high-speed impact and penetration
problems, the pertinent characteristic times tch of interest are
associated with some meso, micro, and macro phenomena (e.g.,
formations of heat-affected zones, shear bands, and shock fronts).
Then tch is on the order of the time that is needed for the shock wave
front to travel through the corresponding length scales: HAZ are
20� 100 �m, shear bands are 1� 50 �m, and the thickness of the
shock front is��m. This leads to a broad range of characteristic time
scales (e.g., tch � 10�11 � 10�7 s). Usually, the thermal propagation
and dislocation evolution processes have shorter characteristic times
than those of viscous processes. However, the relaxation times of
these processes all have comparable tch. Thus, the evolutions of these
processes have to be modeled under a proper thermodynamics
framework such as EIT. The relaxation time for the evolution of the
dislocation network is a much more complicated issue. The long-
range and short-range interactions between dislocations and the
various drag effects competewith each other. Each of these possesses
a different relaxation mechanism. Therefore, each dislocation
segment in a slip system can have its own relaxation time. However,
an averaged relaxation time over all the belonging dislocation
segments is assigned to every slip system. The relaxation time of the
slip system is assumed to be on the order of the time for the shock
wave traveling through a shear band or aHAZ (i.e., 10�10 s� 10�7 s
for steels).

In this paper, the dislocation network is assumed to consist of a
finite number of discrete slip systems. Each slip system (�) is
described by two internal state variables: its characteristic orientation

tensor Z���ij (i.e., the Schmid orientation tensor) and an associated

scalar quantity, dislocation density ����d , for the collective length of
dislocation segments in slip system (�). A vector quantity [the
dislocation motion v��� denotes the gliding velocity of slip system
(�)] is introduced as an extended state variable associated with the
dislocation network. The complete formulation consists of the
equations of conservation constitutive relations, including both

equilibrium and nonequilibrium relations, and the derivation for the
expression of the specific internal energy. The derivation is based on
the evolution equation of entropy, constitutive relations, and the first
and second laws of thermodynamics.

II. Plasticity Model Based on Dislocation Dynamics

In general, it is necessary to consider a probabilistic distribution of
dislocation segments in the space. To understand the physics of the
problem, the heating of the solid due to plastic work, and possible
phase transitions in the solid, a deterministic distribution of
dislocation segments is first considered. An infinitesimal volume at a
spatial coordinate x is considered. The volume element contains a
number of discrete dislocation segments, as shown in Fig. 1. These
dislocation segments are classified by the active slip systems. A slip
system, denoted by an upper index (�), is characterized by two

vectors: the vector n���i normal to the slip plane and Burgers’s vector

[17] b���i � b���s
���
i , where b��� is the magnitude of Burgers’s vector

and s���i the associated vector for slip direction. Then a second-order

tensor, called the Schmid orientation tensor Z���ij � s
���
i n

���
j , is

assigned to each slip system (�) [18,19]. Each dislocation segment
possesses a characteristic length that is the length of the dislocation
line.

For a given slip system, the ensemble behavior of dislocations is

obtained by a simple summation. In this way, a scalar density ����d for
slip system (�) is defined as the collective length of dislocation
segments that belong to slip system (�) per unit volume. The motion

of the slip system (�) is denoted by v���i , which is the averaged
velocity of dislocation segments that belong to slip system (�). We

denote the vector v���i � v���m
���
i , where v��� is the magnitude of

gliding velocity andm���i is the gliding direction. Obviously, ����d and
v��� are the field variables that are functions of space and time, and

����d and v��� are chosen as the internal state variables and the
thermodynamic flux associated with the dislocation evolution
processes, respectively. During the finite deformation processes, the
characteristic orientation of crystal lattice can distort. Then the

orientation of slip system Z���ij that is attached to the crystal lattice

also evolves with time. Thus, the Schmid orientation tensor Z���ij is

also be considered as an internal state variable.
In general, (�) is a random variable and can vary from 0 to 2	. The

associated distribution can be described by an orientation probability
distribution. To keep the model simple and deterministic, it is
assumed that only a finite number of � are possible. A model with a
probability distribution was also formulated and will be presented in
a separate paper. The finite number of � is assumed to account for the
possible slip systems. It is further assumed that every location has the
same set of representative slip systems. This is a very restrictive
assumption but will provide a deterministic model. The resulting

dislocation flux tensor J���ij of slip system (�) is

J���ij � �
���
d b

���v���Z���ij (1)

The lower indices other than i, j, k, l,m, and n do not indicate the
coordinate indices. The rate of plastic deformation is the symmetric
part of the ensemble of dislocation flux tensor over all the slip
systems. Therefore,

Vplastic
ij � 1

2

X
�

�
J���ij � J

���
ji

�
� 1

2

X
�

����d b
���v���

�
Z���ij � Z

���
ji

�
(2)

n
b

representative
volume element

planeslipthetonormalthen
vectorBurgerstheb

Fig. 1 Slip systems in an infinitesimal volume at xi.
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The plastic spin is an antisymmetric part of the ensemble of the
dislocation flux tensor over all the slip systems.

�
plastic
ij � 1

2

X
�

�
J���ij � J

���
ji

�
� 1

2

X
�

����d b
���v���

�
Z���ij � Z

���
ji

�
(3)

Dislocation dynamics describes the evolution of a dislocation
network. It consists of the dislocation evolutions and the dislocation
motions, which depend on each other. During their motion,
dislocation segments interact with each other via long-range forces
and also undergo short-range reactions. It leads to the destruction
(e.g., annihilation), multiplication/nucleation, reorientation and
immobilization (e.g., hardening and dislocation wall) of the reacting
dislocation segments, and dislocation patterning (e.g., kink and
twinning). All of these phenomena result in heterogeneous plastic
flow and the associated localization phenomena in crystals at
mesoscale.

A. Dislocation Evolution and Contributions of Shock Loading

The dislocation segments in a slip system can be created or
destroyed by dislocation nucleation, dislocation multiplication, and
dislocation reactions. In this paper, we specifically study the
dislocation nucleation behind the shock wave. The corresponding
source term is related to an increase of the dynamic strength.
Following IVT, the general form of the evolution equation of
dislocation density of slip system (�) can be formulated as follows.

@����d
@t
� @

@xk

�
����d vk

�
� K��� (4)

The first term on the left-hand side is the rate of change of
dislocation density of slip system (�), and the second term is the
convection of dislocation segments through mass convection. The
term on the right-hand side is the source term K���. The source
contains three contributions due to dislocation nucleation by shock

loading K���n , dislocation multiplication K���m , and dislocation

reaction K���J .

K��� � K���n � K���m � K���J (5)

During the deformation processes at low strain rates, the resolved
shear stress for homogeneous dislocation nucleation (i.e., embryos
nucleation from pure crystal) is very high, several orders higher than
the yield stress [20]. Therefore, dislocation nucleation occurs mainly
in the regions that have stress concentration, such as at all kinds of
interfaces. At the shock fronts, a lattice interface is generated by the
sharp gradient of rate of the deformation. This interface becomes a
bed for dislocation nucleation. By improving Smith and
Hornbogen’s models, Meyers [13] proposed a homogeneous
dislocation nucleation for the shock wave: dislocations are
homogeneously nucleated at or close to the shock front by the shear
stress, these dislocations move short distances at subsonic speeds,
and new dislocation interfaces are generated behind the shock front.
The dislocation density at the interface depends on the difference in
specific volume between the two lattices. In this paper, these
concepts are translated into a mathematical formulation as follows.
At shock fronts, a lattice mismatched interface is generated and of
high elastic strain energy. As the shock becomes stronger, this rate of
elastic strain energy W��ij� becomes larger than some critical level
Wcr. Then a large number of misfits create dislocation nucleation at
this interface. The shock front is indicated by a sharp stress gradient.
Then

K���n �
(

�
���
D

EL
W��ij� W��ij�>Wcr and at the shock front

0 otherwise
(6)

where ����D is the fraction of the average stored interface energy that
contributes to the formation of dislocation segments (�). The
threshold quantity Wcr in this paper is extended to vary with shock
strength. Then the rate of accumulation of dislocations becomes

dependent on shock strength. The quantity Wcr is assumed to
gradually increase with the increasing shock intensity to avoid an
avalanche of dislocation nucleation at strong shocks. Thus,

Wcr �Wcr�P� (7)

where P is the peak shock pressure. For dislocation multiplication

K���m , we used a phenomenological model by Hähner [21] based on
the Frank–Reed hypothesis. For dislocation creation and

annihilation by dislocation reaction K���J , we have adapted the
formulation by Zaiser [22] and El-Azab [23]. The details for the
corresponding formulation can be referred to in Appendix A. From
Eqs. (A1–A5), we can see that the sources for the evolution of
dislocation density, due to multiplication and reaction, rely on the
corresponding dislocation motion, which is not triggered until the
resolved stress reaches critical values. Therefore, at low strain rates,
dislocation density only increases dramatically after yielding and
will not change if there is no plastic flow.

B. Dislocation Motion

The motion of slip system (�) is driven by the local resolved shear

stress ����eff . It comprises four parts: the external (long-range) shear

stress resolved on slip system (�), ����ext ; the internal shear stress due to
the morphological configuration of dislocation segments such as
dislocation self-interactions and short-range interaction with the

obstacles, ����int ; the intrinsic lattice resistance, including temperature-

dependent Pierels resistance, ����fri ���; and the electron and phonon

drag, ����drag��� [22–25]; that is,

����eff � �
���
ext � ����int � �

���
drag � �

���
fri (8)

The detailed discussion and formulation for each term in the
preceding equation can be referred to in Appendix B. The avalanche
occurrence of dislocation motions of a slip system implies a critical
yielding condition. At zero stress, the dislocation relaxes into some
local equilibrium configuration in which the external and internal
stresses balance with each other. With the increase of external
stresses, the number of dislocation segments, which move to a new
equilibrium configuration, increases. When the local resolved

external load ����ext reaches some critical value �ext;cr, a significant
amount of dislocation motion would appear that corresponds to
macroscopic plastic yielding phenomena. Following EIT, we can
formulate that the dislocationmotion v���, as the thermodynamic flux
of dislocation evolution, follows the first-order relaxation with the
resolved effective stress as the source.8<

:
t���d

Dv���

Dt
��v��� � 1

k
���
d
���
����eff if ����ext > �ext;cr

v��� � 0 otherwise
(9)

where t���d is the relaxation time of dislocation motion. This
relaxation of dislocation motion correlates to the relaxation of drag

effects. Therefore, t���d depends on the relaxation time of the

dominant drag effects. For metals, the order of t���d is assumed to be
comparable to the characteristic time scales of the high-rate dynamic
processes such as the shock wave traveling through the dislocation

network in a infinitesimal volume. The coefficient k���d is the
resistance to dislocationmotion,which decreaseswith the increase of
temperature and represents a thermal softening effect (e.g., a model
similar to the thermal softening factor in the Johnson–Cookmodel is
employed).

k���d ��� � k
���
d ��0�

�
1� �d

��

�0

��1
(10)

where �d is the nondimensional thermal softening coefficient, and �0
the reference temperature. There are some other power law relations
applied for applied stresses and the dislocation gliding velocity [20].
The order of power changes with the temperature and magnitude of
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the dislocation velocity. However, because we count in the internal

stress source that changes with dislocation density in ����eff and

temperature dependence in k���d , thefirst-order relaxation equation (9)
is assumed to be sufficiently accurate.

The critical stress �ext;cr depends on the average dislocation density
�d, which agreeswith the strain-rate hardening effects that are caused
by dislocation pileups, and also depends on the temperature. A
phenomenological formulation of �ext;cr is given by

�ext;c � �cr0 � �c�
����������������
�d
�d0
� 1

r
� �c�

�
�

�0
� 1

�
(11)

The subscript 0 indicates a reference state, �cr0 is the reference
yielding stress at �d0, and �c� and �c� are some constant reference
stresses for hardening and softening, respectively. As dislocations
pile up, the slip systems change to a denser configuration and
therefore the mobility of slip systems reduces; in other words, the
critical stress increases. Because dislocation pileup or nucleation at
the shock front depends on shock strength, the dynamic strength or
yield stress becomes dependent on shock strength through the Hall–
Petch hardening effect. However, at the early stage of dislocation
pileup, this hardening effect is not obvious and can be assumed to be
negligible. Only up to some level of dislocation pileup, denoted by
some threshold value �d-HP, is the hardening counted. In a
mathematical form,

�c� �
�
0 �d < �d-HP
�c�0 �d � �d-HP

(12)

because at each instant before, during, or after plastic deformation,
the state can be distinguished by the corresponding dislocation
distribution. Then the future state is totally determined by the current
state.

It is noticed that as dislocation segments nucleate and accumulate,
the consequent increase of dislocation density will increase the line
tension between dislocation segments or increase the magnitude of
internal stress, as shown in Eq. (B2). Then the total resolved shear
stress decreases. This leads to a reduced dislocation motion [see
Eq. (9)]. This also restricts the maximum magnitude of dislocation
motion that can be attained. This is consistent with the statement
made by Meyers [13]. The dislocation motion is subsonic. It means
that the dislocation velocity is less than the elastic shear wave speed.

C. Evolution of the Schmid Orientation Tensor

As stated, the evolution of Schmid orientation tensor Z���ij
corresponds to the lattice rotation during dynamic deformation
processes. The lattice rotation comes from geometric effects, which
can be observed at the scale of grains. In a general case, the evolution

of Z���ij is given by a rate form.

@Z���ij
@t
� f��ij; ����d ; #� (13)

where # is the factor related to the grain size. In the following
derivations, the evolution of lattice rotations is approximately
determined by the associated rigid body particle rotation. The rigid
body particle rotation is governed by the spin tensor�ij [spin tensor
�jk � 1

2
�vi;j � vj;i�]. A corresponding spin vector can be defined as

follows.

!i ��eijk�jk (14)

From the Schmid orientation tensorZ���ij , we can define an angle as

�i ��eijkZ���jk (15)

where eijk is a third-order permutation tensor. Then the evolution of

Z���ij can be given by the rate of change of the angle�i, which is equal

to the spin vector !i; that is,

@�i
@t
� !i (16)

III. Constitutive Relations

The constitutive relations are divided into two groups: equilibrium
constitutive relations and evolutions of thermodynamic fluxes. In the
first group, the instantaneous responses of material are described by
the relations between the equilibrium classical state variables or the
internal state variables. In the second group, the nonequilibrium
responses of material are described by the relaxations of
thermodynamic fluxes. We assume that the total stress tensor �ij
consists of an equilibrium stress tensor �eij and a nonequilibrium

stress tensor �neij and that the total rate of deformation Vij consists of

an elastic part Veij and a plastic part Vplastic
ij .

�ij � �eij � �neij (17a)

Vij � Veij � V
plastic
ij (17b)

A. Equilibrium Constitutive Relations

1. Equilibrium Stress–Strain Relation in Rate Form

In many shock physics analysis, the hydrostatic pressure takes a
special role. The stress tensor is then usually decomposed into a
pressure and a deviatoric stress tensor. Similarly, the rate of
deformation can also be decomposed. Thus, the equilibrium stress
tensor �eij can be split into a pressureP

e and a deviatoric stress tensor

�edij .

�eij � Pe
ij � �edij (18)

where Pe � 1
3
�eii; �

ed
ij � �eij � Pe
ij.

The rate of elastic deformation can also be decomposed in a similar
way.

Veij � 1
3
Vekk
ij � Vedij (19)

where Vedij � Veij � 1
3
Vekk
ij.

In shock physics, the equilibrium stress–strain relations consist of
two parts: an equation of state and a deviatoric relation. The rate form
of equation of state can be written as

_P e � A��; ���1
3
Veii� � B��; �� _� (20)

which is obtained from equation of state Pe � Pe��; ��. The rate
form of deviatoric relation can be written as

�e
�
d
ij �GijklVedkl (21)

whereGijkl is the elastic modulus. In the preceding, the material time

derivatives for a 1) vector a
�

i � _ai ��ijaj and 2) second-order

tensor A
�

ij � _Aij ��ijAji � Aij�ji are used.

2. Dislocation Evolution

Dislocation evolution follows Eq. (4).

B. Evolution of Thermodynamic Fluxes

Each irreversible process has an associated thermodynamic flux.
All of these thermodynamics fluxes are the extended state variables.
It is assumed that the evolution of these thermodynamic fluxes is
governed by first-order relaxation equations. The source for their
evolutions is the corresponding generalized force, which is usually
the spatial gradient of classical state variables. The couplings
between different irreversible processes are assumed to be small and
are not considered herein.
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1. Evolution of Nonequilibrium Stresses

The viscous effect is found to be important even in fast processes
such as shock waves. For metallic materials in solid phases, the
viscous mechanisms are associated with viscous lattice stretching,
viscous slips of phase, grain boundaries, etc. Formetallicmaterials in
the liquid phase, the viscous mechanism comes from viscous flow.
The viscous dissipation becomes dominant. The corresponding
generalized force is the elastic strain rate Veij. The relaxation time of

viscous process is denoted by t� . The equation of evolution for
nonequilibrium stress is given by

t�

�
�ne
�

ij

�
���neij � �ijklVekl (22)

2. Evolution of Heat Flux

A relaxation time denoted by tq is used for the evolution of heat
flux. The generalized force is the temperature gradient �;i. The
evolution for heat flux is governed by

tqq
�

i ��qi � kij
@�

@xj
(23)

3. Equation of Dislocation Motion

The motion of dislocations is described by Eq. (9).

IV. Conservation Equations

Balance equations for mass, linear momentum, and energy are as
follows.

D�

Dt
� � @vk

@xk
� 0 (24)

�
Dvi
Dt
� @�ik
@xk
� �fi (25)

�
De

Dt
� @qi
@xi
� �ijVij � 0 (26)

The expression of state function (i.e., the specific internal energy
e) is derived in Sec. VI to complete the formulation.

V. Entropy, Second Law of Thermodynamics,
and State Functions

A. Entropy Evolution

In EIT, the evolution equation of entropy is given by

�
Ds

Dt
� @J

s
i

@xi
� �s � 0 (27)

where the entropy flux Jsi is assumed to be a function of all
thermodynamic fluxes. It is

Jsi � Jsi
�
�; �neij ; qi; �

���
d vi

�
(28)

Therefore, the divergence of entropy flux is given by

Jsi;i ��1
i �;i ��3

ijqj;i ��4
ijk�

ne
jk;i �

X
�

’������
�

����d vi;i (29)

where

�1
i �

@Jsi
@�

; �3
ij �

@Jsi
@qj

; �4
ijk �

@Jsi
@�nejk

(30)

The last term inEq. (30) is the entropyflux due to dislocations. The
coefficients ’������ are related to the change of magnitude of the
entropy due to the dislocation flux of slip system (�). Because high
temperature results in high dislocation mobility and large entropy

change,we assume that’��� are strongly dependent on temperature ��.

B. Second Law of Nonequilibrium Thermodynamics

To satisfy the second law of thermodynamics, the rate of entropy
production is non-negative at any instant and at any location.

��s � � _e � � _f � �s _�� �Jsk;k � 0 (31)

Sufficient conditions to ensure the preceding inequality for all
kinds of possible processes are derived (refer to [26]). The following
thermodynamic relations are obtained.

Classical equilibrium relations:

@f

@�
��s � 1

��

�
1�

X
�

’�������D
2EL

�
A�1��; ��B��; ��Pe;

@f

@Pe
� 1

�

�
1�

X
�

’�������D
2EL

�
A�1��; ��Pe; @f

@�edij
� 1

�
G�1ijmn�

ed
mn;

@f

@����d
�� 1

�
’������

(32)

Nonequilibrium relations:

@f

@�neij
� 1

�
t���ijmn��1�nemn;

@f

@qi
� 1

�
tq
k�1ji
�
qj;

@f

@v���
� 1

�

�
1� ’

�������L
EL

�
t���d k

���
d b

�������d v
���

(33)

Coefficients of divergence of entropy flux:

�1
i ��

qi
�2

; �3
ij �

1

�

ij; �4

ijk � 0 (34)

Further, we obtain the rate of entropy production as follows.

��s � ��1ijkl�neij �nekl �
k�1ij
�
qiqj

�
X
�

�
�k���d v��� � �

���
int � �

���
fric�b����

���
d v

��� � ’���

	
�
K���J �

����L
EL

k���d b
�������d v

���v���
��
� 0 (35)

The first two terms in Eq. (35) are associated with the mechanical
viscous process and the heat propagation process, respectively. The
third term in the summation is associated with dislocation dynamics;
the first term in the summation is the plastic dissipation by resolved
effective stress, internal stresses, and friction and viscous drag stress;
and the second term is the cold work on dislocation formation by
multiplication and interaction. The non-negativity of ��s at any
situations requires that

��1ijkl � 0; k�1ij � 0 (36)

and the total plastic dissipation by the effective shear stress and back
stresses is larger than the stored cold work on dislocation formation.
Further, by considering Eqs. (B2–B4) and (9), we conclude that the
resistance to dislocation motion and the coefficients for line tension
and friction are non-negative.

k���d � 0; &��� � 0; B��� � 0 (37)

By setting the coefficients of line tension and friction and the
dislocation formation by interaction to be zero, we can obtain the
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lower limit for the fraction of cold work ���� on dislocation
multiplication:

����L 
 ��EL=’����, where the value of ’��� is negative, because
the presence of dislocations increases the elastic strain energy.

VI. First Law of Thermodynamics:
Energy Balance Equation

The time derivative of internal energy can be derived as discussed
in [26] by using constitutive relations and applying the first and
second laws of thermodynamics. We also can obtain the energy
balance equation as in Eq. (38). The formulation is then completed.
The entire set of governing equations includes conservation
equations (24), (25), and (38), equilibrium constitutive relations (20),
(21), and (4), nonequilibrium constitutive relations (22), (23), and
(9), kinematic relations (2), geometric relation (16), and other
relations [Eqs. (17a) and (17b)].�

�cp��� � �
�
1�

X
�

’�������D
EL

�
A�1��; ��B2��; ��
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� �� D

Dt

�
1

�

�
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X
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’�������D
EL
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�
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���
�
qi
�

�
;i

� 2
k�1ji
�
qjqi �

1

�
qj�;i � ��ijmn��1�nemn�neij

�
�
1�

X
�

’�������D
EL

�
B��; �� 1

3
Veii�

� �2
X
�

@

@�

�
’�������D
�EL

�
1

3
PeVeii

� �2
X
�

@

@�

�
’���

�

�n
����d vi;i �

�
K���m � K���n � K���J

�o

�
X
�

�
k���d v

��� � �2 @
@ ��

�
’�������L
��EL

�

	
�
�k���d v��� � �

���
eff

��
����d v

���b��� (38)

where

�
@s

@�
��� @

2f

@�2
� cp���

We define the specific heat cp in the framework of nonequilibrium
thermodynamics as the heat needed to increase the temperature of
system per unit mass by 1 K, with no other processes involved. The
specific heat cp is a function of the temperature.

VII. Numerical Simulations by Finite
Difference Method

As observed in the analysis of the recovered penetrators, the HAZ,
which appears on the surface of the nose and the shank of the
projectile, is limited to a very narrow region. The HAZ thickness is
20 to 100 �m, which is approximately 1=200 of the maximum
diameter (e.g., 12.7 mm) of the ogival-nose-shaped penetrator.
Consider a surface region R close to the nose tip (Fig. 2a). To study
the dynamic deformation processes in region R, we extract two
simplified problems according to the assumptions about the
mechanisms that take place in the materials in the neighborhood
acting on region R. The first problem is a 1-D strain problem. It is
assumed that the materials in the neighborhood of region R totally
confine the side motions of region R. A 1-D strip with two sides
confined is used to characterize region R (see Fig. 2b). At time t� 0,
a uniform normal stress is applied on the top surface of the strip. The
nontrivial velocity component is only in the y direction and is a
function of only y and t.

The second problem is a 2-D problem. It is assumed that the
materials in the neighborhood of region R have no resistance to the
side motions of region R. A half-space is used to characterize
region R (see Fig. 2c). The surface of the half-space is loaded by a
uniform normal stress �0 and a uniform shear stress �0. The loadings
are applied from time t� 0. Because there is no constraint on the x
direction, the nontrivial stress and strain components are only the yy
components. Two velocity components vx and vy are functions of
only y and t.

Because the constraint imposed by the materials in the
neighborhood of region R is between zero and infinity, the real
problem, as shown Fig. 2a, is somewhere between the two simplified
problems, which will be investigated in a future paper. In this work,
for simplicity, only one slip system is assumed (i.e., all the
dislocations lie in the direction of �).

A. Finite Difference Technique

For these two problems, all the state variables are functions of y
and t. Then we can write the governing equations in the form of the
state space as follows.

A �U� @U
@t
�B�U� @U

@y
� C�U� (39)

where U is the generalized vector that consists of all the state
variables. A�U� and B�U� are the corresponding coefficient
matrices, andC�U� is the source vector. A two-step Richtmyer finite
difference scheme [27–29], which is of a second-order
approximation, is employed. The grid is made of N equally
separated nodes that are numbered from 1 to N in the y direction.
After convergence tests, the spatial step �y is chosen to be fixed at
�y� 2 	 10�6 m, which is enough to resolve for features of HAZ.
The considered span is then (N � 1)�y� 10�3 m, which is several
tens or hundreds of times the size of HAZ. This gives the number of
grid nodes to be 251. The twoboundary points aremarked as 1 andN.
As discussed in the following, the time step �t will be adjusted at
each step to assure stability conditions.

In the two-step finite difference scheme, first the provisional
values are calculated at the centers of the rectangular meshes in the y
and t planes (i.e., nodes marked by 	 in Fig. 3) by a time-forward
difference and a centered spatial difference.

U
n�1

2

j�1
2

�Un
j�1

2

� �t

2�x
A�1

�
Un
j�1

2

�
B
�
Un
j�1

2

��
Un
j�1 � Un

j

�
��t

2
A�1

�
Un
j�1

2

�
C
�
Un
j�1

2

�
(40)

where the upper index indicates the time step, and the lower index
indicates the spatial step. In Eq. (40), the values at the centers of the tn

border of the rectangular meshes (i.e., nodes marked by○ in Fig. 3)
can be calculated by

Fig. 2 Simplified problems extracted from the impact and penetration:

a) 2-D axisymmetric case, b) 1-D strain case, and c) 2-D half-space case.
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Un
j�1

2
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2

�
Un
j�1 �Un

j

�
(41)

Second, the final values at the corners of tn�1 border (i.e., nodes
marked by□ in Fig. 3) are obtained by a time-forward difference and
a centered spatial difference.

Un�1
j �Un

j �
�t

�x
A�1

�
U
n�1

2

j

�
B
�
U
n�1

2

j

��
U
n�1

2

j�1
2

� Un�1
2

j�12

�
��tA�1

�
U
n�1

2

j

�
C
�
U
n�1

2

j

�
(42)

In Eq. (42), the values at the centers of the tn�1 border of the
rectangular meshes (i.e., nodes marked by○ in Fig. 3) are calculated
as follows.

U
n�1

2

j � 1
2

�
U
n�1

2

j�12
�Un�1

2

j�1
2

�
(43)

For those state variables that do not have the imposed boundary
conditions, a special treatment is needed. According to [29], the
boundary technique is important for the finite difference approach.
Inappropriate boundary techniques may generate oscillations that
cannot be damped and propagate into the interior. The oscillation
sometimes overwhelms the real signal. Therefore, some special
treatment such as artificial viscosity is introduced to overcome the
problem. In this study, the boundary technique for the two-step
Richtmyer scheme is employed. The steps can be written as
follows.First step:

U
n�1

2

1 �Un
1 �

�t

2�x
A�1�Un

1 �B�Un
1 ��Un

2 � Un
1� �

�t

2
A�1�Un

1 �C�Un
1 �

(44a)
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�t

2�x
A�1�Un
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N��Un
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��t

2
A�1�Un

N�C�Un
N� (44b)

Second step:

Un�1
1 �Un

1 �
2�t

�x
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�
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�
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(44c)

Un�1
N �Un

N �
2�t

�x
A�1

�
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�
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�
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n�1

2
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��tA�1

�
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C
�
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n�1
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(44d)

It is seen that, rather than the centered difference, a one-sided
spatial difference is employed in the preceding boundary techniques.
This results in a first-order accuracy, which is less than the second-
order interior finite difference technique. The truncation errors are
propagated back into the interior. However, they have been found to
not appreciably affect the overall accuracy of the difference scheme
[29].

The stability analysis for the scheme depends on the
characteristics of every equation. Therefore, the stability analysis
will be addressed in the separate case studies. The finite difference
code is implemented in Matlab.

B. Material Parameters

In the studies, pure iron is chosen as the material for numerical
simulations. The conventional material properties of � iron are listed
in Table 1.‡

The necessary information such as the initial dislocation density
�d0, Burgers’s vector b, critical resolved stress �cr0, average
dislocation line energy EL, and reference resistance to dislocation
motion kd0 are obtained accordingly fromnormal values formetals in
[20].

�d0 � 1011 m�2; b� 2:533 �A; �cr0 � 300 MPa;

EL � 0:207 Gb2; kd0 � 5 	 105 N � s=m3

Other required parameters related to dislocation are assumed. The
relaxation time for dislocation motion td is assumed to be at the same
level of viscous process. Hardening and softening coefficients �c�
and �c� are chosen to be 1%of �cr0. The threshold value of dislocation
density for hardening �d-HP is chosen to be 1:5 	 103�d0. The
fraction factor for dislocation multiplication �L is set to be 0.8. The
nondimensional effective coefficient & for line tension is set to 0.8.
The viscous drag coefficient B is set to 106 N � s=m3.

td � 10�7 s; �c� � 10�2�cr0; �c� ��10�2�cr0;
�d-HP � 1:5 	 103�d0 �L � 0:8; &� 0:8;

bdrag � 1 � 106 N � s=m3

At shock fronts, a large amount of dislocations are nucleated.
Accordingly, the hardness and strength of the material is increased
several times [13]. The model for the dislocation nucleation at the
shock front is given by Eq. (6). It is assumed that dislocations start
instantaneously to nucleate at shock fronts. The shock fronts can be
identified by a sharp pressure gradient. The rate of nucleated
dislocations at the shock front is given by

Kn �
�D
EL
W�P� � �D

EL
��Pevi;i� (45)

where �D � 5 	 10�4.

C. One-Dimensional Strain Case

This uniaxial strain problem yields only a nontrivial normal strain
component "yy. It corresponds to a nontrivial velocity component vy.
Nontrivial stress components are �yy, �xx, and �zz. The governing
equations can be written as follows.

@

@t
���� @

@y
vy � vy

@

@y
� (46a)

Table 1 Mechanical and thermal properties of � iron

�0, kg=m
3 7:87 	 103 E, GPa 200 G, GPa 87

k, J=s �m � k 67.2 cp, J=kg � k 440

n

n+1

j j+1
j+1/2

n+1/2

t

y

xO O

O

O

Fig. 3 Spatial and time nodal separation in the Richtmyer finite

difference scheme.

‡Material property database available online at http://www.matweb.com
[retrieved July 2002].
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@

@t
vy ���vy

@

@y
vy �

@

@y
�yy (46b)

�cp
@

@t
����cpvy

@

@y
� � @

@y
q� kd�dbvdvd (46c)

Among all the nonequilibrium processes, plastic flow is the
dominant dissipative process. Therefore, the viscous process is not
considered (i.e., �neyy � 0 and �nexx � 0). In Eq. (46c), the stored elastic
strain energy by dislocations is not considered [i.e., ’��� � 0], and
the elastic thermal expansion is assumed to be small (i.e.,B� 0). The
kinematics are given by

@

@y
vy � Veyy � Vplastic

yy (47a)

@

@x
vx � 0� Vexx � Vplastic

xx (47b)

where

Vplastic
yy ��1

2
�dbvd sin 2� (47c)

Vplastic
xx � 1

2
�dbvd sin 2� (47d)

The constitutive relations are given by
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(48e)

@

@t
���vy

@

@y
�� 0 (48f)

where the resolved external shear stress on the slip system is given by

�ext � 1
2
��xx � �yy� sin 2� (49)

The critical stress for dislocation motions is given by Eq. (11).
Substituting Eqs. (47a–47d) into Eqs. (48a) and (48b), we obtain
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�1� ���1 � 2��
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(50)

The hydrostatic pressure P in this case is equal to
��2�xx � �yy�=3. Initially, the 1-D strip is subjected to a uniform
temperature distribution, and all the material points possess the same
dislocation density.

�jt�0 � �0; �djt�0 � �d0 (51)

On the surface, a constant normal stress is applied. An adiabatic
boundary is assumed.

��0; t � 0� � ��0; q�0; t� � 0 (52)

Neglecting Eq. (48f), we have eight equations, as listed in
Eqs. (46) and (48). If the system is written in the form of Eq. (39), we
have

U�f�;vy;�;�xx;�yy;q;�d;vdgT ;
A�U�� diagf1;�;�cv;1;1; tq;1; tdg
C�U�� �0;0; kb�dbvdvd;F1;F2;�q;F3;F4
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2
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(53)

where
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There are various propagations or relaxations of �xx, vy (or �yy), �,
�d, and vd. Each of these has a different characteristic speed. The
associated stability conditions can be written as follows [27,28].
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(54)

The individual sufficient stability condition requires a different
time step. Therefore, at each calculation step, the following time step
is chosen as the smallest time step among all the imposed time steps.
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The finite difference procedure, finite difference code, and
boundary techniques are first tested by using selected simple cases.
The top surface of the 1-D strip is subjected to a constant normal
stress �0. The stress �0 is applied from t� 0. The applied loading is
low enough to avoid complication.

1. Test Study: �0 � 1 GPa and �� 0 deg

To test the numerical scheme and stability criteria, we choose the
orientation of the slip system � to be 0 deg. Then the resolved shear
stress on the slip system is zero. It leads to elimination of plastic flow.

The elastic wave speed is calculated as 5845:9 m=s, which is close to
the elastic (uniaxial strain) wave in � iron; that is,��������������������������������������

E1�1 � ��
�0�1� ���1 � 2��

s

It is observed that there is some overshoot at the wave front. This
overshoot is induced by the error transmitted from the boundary
technique. An artificial viscosity is added to damp this overshoot. A
quadratic form gives the pseudoviscous normal stress �v.

�v �
(

��a�y�2 @
2vy
@y2

if
@vy
@y
< 0

0 if
@vy
@y
< 0

(56)

It is found that by choosing the pseudoviscous parameter a in
Eq. (56) to a value of 2, the artificial viscosity damped the overshoot,

Fig. 4 Elastic compression wave for �0 � 1 GPa, �� 0deg, at time t� 1:3486 � 10�7 s: a) without artificial viscosity (a� 0) and b) with artificial

viscosity (a� 2).

Fig. 5 Profiles of pressure P, temperature �, dislocation density �d, and plastic flow V
plastic
yy , at time t� 96 ns for �0 � 4 GPa and �� 45deg.
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and simultaneously the sharpness of shock front is slightly relaxed
(Fig. 4).

2. Localized Plastic Flow and Heating: �0 � 4 GPa and �� 45 deg

The applied loading �0 � 4 GPa. The results are shown in Fig. 5.
A localized heating zone close to the loading surface y� 0 is
observed. A large amount of plastic flow and the associated
dislocation accumulation in the same zone are also observed.

3. Strong Shock: �0 � 50 GPa

With this strong shock, the resulting hydrostatic pressure P is
much larger than the critical pressurePcr � 11:3 GPa for �! " iron
phase transition. The phase transitionmodel used in this paper can be
referred to in [26].We considered two cases: one with �� 0 deg and
the second with �� 45 deg. In the first case, there is no generated
plastic flow. The profile of normal stresses �yy, the maximum shear
stress �x0y0 � ��xx � �yy�=2, and the mass fraction of " phase "� are
shown in Figs. 6a–6c at time t� 1:1318 	 10�7 s. It is shown that as
the shock wave front passes through, the phase transition takes place
almost instantly. The phase transition front, which is indicated by a
sharp front in Fig. 6c, is only slightly behind the shock wave front.
The propagation speed of the shock wave is calculated as
6538:0 m=s, which is close to the elastic (uniaxial strain) wave speed
in " iron. Because the " iron is harder than the � iron, the speed of the
elastic wave of " iron is faster than that of � iron. Then the second
wave of a larger speed, generated by phase transition, overtakes the
first wave of a slower speed. However, we can see that the sudden
change of the mechanical properties through the process of phase
transition induces oscillations to all the profiles.

In a second case, to generate plastic flow, the slip system is set at
45 deg to the x axis. Similarly, the profiles of �yy, themaximum shear
stress �x0y0 , and the mass fraction of " phase "� are shown in Figs. 6d–
6f at time t� 1:1303 	 10�7 s. It is also observed that just after the

shock front passes, �! " phase transition takes place almost
instantly. The phase transition front is indicated by a sharp front in
Fig. 6f. Unlike the first case, the wave profiles exhibit a two-wave
structure (Fig. 6d). The first wave, which has a sharp front, is
identified as the elastic shock wave of " iron. Its wave speed is about
6511:6 m=s. The second wave is generated by associated plastic
flows and has a dispersive wave front. In comparison with the first
casewith no plasticflow (�� 0 deg), it is observed that plasticwaves
increase densities and particle velocities in the range of plasticwaves.
Also, the maximum shear stress �x0y0 � ��xx � �yy�=2, as shown in
Fig. 7e, is brought down from a value of 13 GPa at the shock front,
which accounts for hardening effects and is about 45 times the initial
yielding stress �cr0, to the level of the initial yielding stress �cr0 after
the shock passes.

D. Two-Dimensional Half-Space Case

For the 2-D half-space problem (Fig. 2a), there are two nontrivial
velocity components: vx and vy. The nontrivial stress components are
�yy (or �e) and �xy (or te). Other state variables follow the same
descriptions as in the previous case. The governing equations can be
written as follows.

8>>>>>><
>>>>>>:

@
@t
���� @

@y
ry � ry @

@y
�

� @
@t
vx ���vy @

@y
vx � @

@y
�e

� @
@t
vy ���vy @

@y
vy � @

@y
�e

�cp
@
@t
����cpvy @

@y
� � @

@y
q� kd�dbvdvd

(57)

Following the same arguments as in the previous 1-D strip case,
the constitutive relations are given by

Fig. 6 Wave profiles of normal stress �yy, maximum shear stress �x0y0 , and mass fraction of " phase "� for �0 � 50 GPa with a–c) �� 0deg at

t� 1:1318 � 10�7 s; d–f) �� 45deg at t� 1:1303 � 10�7 s.
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Comparing to the 1-D strip case, an extra boundary condition is
provided.

��0; t � 0� � �0 (59)

The stability conditions for the finite difference scheme can be
obtained.

jvyj
�t

�x

 1;
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��������
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A �t
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(60)

In comparison with the 1-D strain problem, a normal stress �0 and
a shear stress �0 are applied to the top surface of the half-space.
Therefore, two sets of waves are created: one corresponding to
compression waves and the other to shear waves. The plastic flows
are generated by the activation and the evolutions of the dislocation
slip system. Afterward, the aforementioned thermal softening effects
and the hardening effects compete with each other.

1. Localized Plastic Flow: �0 � 24 GPa, �0 � 3 GPa, and �� 0 deg

The applied shear stress �0 is 10 times the initial critical yielding
stress �cr0, whereas the applied normal stress �0 is kept small at
24 GPa to impede the �! " phase transition. The profiles of normal

stress �e, shear stress �e, dislocation density �d, plastic flow V
plastic
xy ,

temperature �, and mass fractions of � phase iron �� at time t�

1:3856 	 10�7 s are shown in Figs. 7a–7f. The speed of compression
wave is calculated as 5138:7 m=s (Fig. 7a), which is close to that of

the elastic (uniaxial stress) wave for � iron given by
�������������
E1=�0

p
. The

shear wave generates plastic flows. Thus, the shear waves have a
two-wave structurewith a very dispersive plastic wave (Fig. 7b). The
speed of the shear wave is calculated as 3695:2 m=s, which is a little
bit larger than that of the shear wave for � iron given by�������������
G1=�0

p
� 3324:9 m=s. As observed in Figs. 7d–7f, the

accumulation of plastic flow, dislocation density, and heating is
only restricted to a narrow region close to the half-space surface and
far behind the shear wave front. The maximum temperature is larger
than 800 K, which is high enough to set off �! � phase transition,
with a combined loading condition. However, the amount of time
required for accumulating the necessary heat delays the�! � phase
transition. Then the front of �! � phase transition is far behind the
shear wave front (Fig. 7c).

Meanwhile, the hardening due to dislocation nucleation and
accumulations has been identified by the increase of critical stress in
the region of highest dislocation density, as shown in Fig. 8. The
competition of the thermal softening effects and the hardening effects
results in some discontinuities or oscillations in the distribution of
dislocation motion, as shown in Fig. 7e.

Fig. 7 Profiles of normal stress �e, shear stress �e, mass fraction of�phase iron ��, dislocation density�d , plastic flowV
plastic
xy , and temperature � at time

t� 1:3856 � 10�7 s for �0 � 24 GPa, �0 � 3 GPa, and �� 0deg.

Fig. 8 Profiles of the critical stress �cr at time t� 1:3856 � 10�7 s for
�0 � 24 GPa, �0 � 3 GPa, and �� 0deg.
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VIII. Conclusions

We formulated a deterministic dislocation-based plasticity model
that can account for the formation of dislocation behind a shock front,
dislocation pileup, dislocation release, and localized heating at high
strain rates. The formulation is in a hybrid framework of internal state
variables and thermodynamic fluxes or extended nonequilibrium
state variables. The combination of the second law of
thermodynamics and the formulated constitutive relations provide
expressions for the specific entropy and change of temperature due to
different irreversible mechanisms. An application demonstrates the
phenomena of localized heating.

Appendix A: Dislocation Multiplication
and Dislocation Reactions

In 1950, Frank and Reed suggested an explanation of dislocation
multiplication based on dislocation loops formed by pinned
dislocations. As the applied shear stress reaches a critical stress,
which corresponds to a dislocation loop with a critical radius as half
of the distance between dislocations, the dislocation loop becomes
unstable and starts to expand. This expansion results in new
dislocations to reduce the high stored energy in the expanded loop
[17,22,30].We follow a phenomenological model by Hähner [21]. It
assumes that the dislocation multiplication is proportional to a
fraction of plastic work by the dislocation loop expansion.

K���m �
����L ���
EL

����d b
���v�������eff (A1)

where EL is the average dislocation line energy over all the slip

systems, ����L is the fraction of plastic work that contributes to the

formation of dislocation segments (�) (����L depends on temperature

�), and ����eff is the local resolved shear stress acting on dislocation
segments in slip system (�) [Eq. (8)].

The reaction [22,23] between dislocation segments of two
different slip systemsmay lead to the formation of a junction segment
of a new slip systemwith a newBurgers vector. At the same time, the
motion of dislocation segments may break the existing junctions.
Therefore, the rate of change of the dislocation segments of slip
system (�) is written as

K���J ��K
���
J� � K

���
J� (A2)

where the loss rate of dislocation segments in slip system (�), K���J� ,
due to their reaction with dislocation segments of slip system (�), is
written as follows.

K���J� � �
1�����
�d
p

X
�

�R������F �v��� � v���� � R������B v���
����d �
���
d (A3)

where R������F is the probability that two dislocation segments of slip

systems (�) and (�) react and form a new slip system, whereasR������B

is the probability for a dislocation segment on slip system (�) to break
a junction of slip system (�); �d is the average dislocation density in a
infinitesimal volume, which is,

�d �
X
�

����d (A4)

The rate of dislocation formation for a slip system (�),K���J�, caused
by junction formation and breaking, is given by

K���J� �
1�����
�d
p

X
�2

X
�1

R�����1���2�c v��1�v��2����1�d ���2�d (A5)

where R�����1���2�c is the construction probability of dislocation
segments of slip system (�) due to the reaction between dislocation
segments of slip systems (�1) and (�2). The nondimensional

quantities R������F , R������B , and R�����1���2�c are material parameters.

They have to be obtained bymeasurement or computer simulation of
junction processes [22,23].

Appendix B: Contributions to the Resolved Shear Stress

We assume the ensemble of spatially fluctuating short- and long-
range interactions between dislocation segments to be zero, although
it can be easily added by a nonlocal kernel [22]. The external resolved
shear stress is related to the macroscopic stress tensor by the Peach–
Koehler formula [19,25,31],

����ext � �ijZ���ij (B1)

The internal stress may be described by a line tension
approximation [17,22,25]; that is,

����int �
&���Gb���

�L
(B2)

where &��� is the nondimensional effective coefficient, G is the
average shearmodulus of crystal,b��� is themagnitude of theBurgers
vector, and �L is the averaged distance between the two closest
dislocation segments. Obviously, �L decreases as the average
dislocation density �d increases. It is assumed

�L� 1�����
�d
p (B3)

The drag mechanisms on dislocation motions are due to the
relaxation effects during the interaction of dislocations with phonons
and electrons and are also due to the relaxation effects in the
dislocation core [13]. For metals at high temperature, phonon drag is
the dominant drag mechanism; at low temperature, electron drag is
the major mechanism [13]. To a first approximation, a Newtonian
viscous model is used for these drag effects; that is,

����drag � B
���
dragv

��� (B4)

whereB���drag is the viscous drag coefficient, which can be a function of

the dislocation motion.
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